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INTRODUCTION

Compressible Navier�Stokes system:
�

ρt +∇ · (ρu) = 0
(ρu)t +∇ · (ρu⊗ u) = −∇p+µ∆u

density %, velocity u and pressure p(%) = a%γ.
Compressible Navier�Stokes system is not known to possess strong

long-time solution even for smooth data. Due to works of Lions [1]

and Feireisl [2] the existence of weak solution for Lipschitz domain

Ω ⊂ R3 is guaranteed for the exponent γ > 3/2.

Numerical schemes of such model have been studied by many re-

searchers, most among them are concerned with stability, accuracy or

e�ciency. However whether the solution of a scheme is reasonable or

close to the physical solution, needs to be furthered studied. Moti-

vated by the the work of Karper [3], in which the convergence of a

DG-type scheme to the weak solution has been studied, we would like

to show the convergence to the weak solution for a �nite di�erence

scheme as well as its numerical performance.

THE SCHEME

We consider Ω = (0,1)d, discretized uniformly into cubes K of size h, each of them represented by its center. These centers build the

primary grid, while the faces of the cubes ∂ Ki,±, represented by their centers, form the dual grid. We look for density ρ in primary grid and

velocity u in the dual grid; only i-th component of velocity being de�ned in face with the normal vector ei. The scheme reads
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The averaging operators {.} and .̂ provide the transition between two grids, divup is the standard upwind divergence and δt a backward

time di�erence ⇒ implicit scheme. Boundary conditions: homogeneous Dirichlet for velocity and homogeneous Neumann for density.

CONVERGENCE

Let (%h,uh)h→0 be a sequence of solutions obtained through the numerical scheme on grids with dicretization parameter h and let the

exponent γ > 3. Then there exists a subsequence (ρh,uh)* (ρ,u), which is a weak solution to compressible Navier�Stokes equations.

�Stability and existence of numerical solution,

◦ renormalized continuity scheme - ingredient for

◦ a priori energy estimates,

◦ existence of a num sol (Schae�er �x point),

◦positivity of the density,

◦ equiintegrability ⇒ compactness of the terms.

�Consistency formulation - numerical solution is a weak solution plus

residual

�Weak convergence

◦Convergence of the terms from compactness,

◦dealing with nonlinear terms,

◦higher integrability of the density (en.est.: p ∈ L∞(L1) only),
◦ strong convergence of the density ⇒ convergence of the pressure

term.

NUMERICAL TEST

Gresho Vortex test
Computational domain: Ω= [0, 1]2. Initial condition

ρ = 1,u= ur
r

�

y − 0.5
0.5− x

�

, ur(r) =
p
γ

�

2r/R, 0≤ r < R/2,
2(1− r/R), R/2≤ r < R.

r =
Æ

(x − 0.5)2+ (y − 0.5)2, R= 0.2.

Upper �gures: velocity magnitude and components; bellow: streamlines, pressure and density

T = 0.01,µ= 0.01
h ‖uh− u‖L2(L2) EOC ‖∇uh−∇u‖L2(L2) EOC ‖ρh−ρ‖L1(L1) EOC ‖ph− p‖L∞(L1) EOC

1/16 2.23e-01 � 7.84e-03 � 3.19e-06 � 6.66e-03 �

1/32 1.19e-01 0.91 4.09e-03 0.94 1.63e-06 0.97 4.27e-03 0.64

1/64 6.04e-02 0.97 2.01e-03 1.03 5.92e-07 1.46 2.27e-03 0.91

1/128 2.66e-02 1.18 8.98e-04 1.16 2.24e-07 1.40 1.17e-03 0.96
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